
��¤d�� �A`�Att� 2

�A`�Att� Ah�� ©� ,��¤ A¡ ¤d� �A`�Att� (AhmF� �� �St§ Am�) ¨¡ ��¤d�� �A`�Att�
T�� �k�  ±¤ .n � Tmy� �k� x ry�tm�� ¨� T�� ¨¡ fn(x) �y� (fn)n∈N ­CwO�� Yl�
T`�Attm�� �AW� �r`� An��� �AWn�� Hf� Ahl� Ah�  wk§ ¯ d�¤ ,�AW� fn(x) ��¤d�� ��

.∩n∈NDom fn ©� A¡ ¤d� �k� �rtKm�� �AWn�� ¢�� Yl� (fn)n∈N

(AyWq� ¤�) AWys� A�CAq� 
CAqt� (fn)n∈N ��¤d�� T`�Att�  � �Aq§ :�§r`� - 1-2

 A� �Ð� A T�wm�m�� Yl� f(x) T��dl�

f(x) = lim
n→∞

fn(x), ∀x ∈ A.

T§Ahn�� @���¤ x 
yb�t� �wq� Xysb�� 
CAqt�� TF�Cd� An�� �§r`t�� �@¡ �� ^�®�
.T§Ah�¯Aml� n �¤¥� A�dn�

:Tl��� - 2-2

 wk§ Tt�A� x ©±  � ^�®� ,fn(x) = xn �kt� (1)

lim
n→∞

xn =





0, | x | < 1  A� �Ð�,
1, x = 1  A� �Ð�,
­ w�w� ry�, ��Ð ry� x  A� �Ð�.

T��dl� AWys� A�CAq� 
CAqt� (fn)n∈N ��¤d�� T`�Att�  �� f(x) =

{
0, |x | < 1
1, x = 1


�A� �Ð��

.]− 1, 1] ­rtf�� Yl� f
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CAqt� (fn)n∈N ��¤d�� T`�Att�  � �R�w�� �� .f(x) ≡ 0 ,fn(x) = 2−nx �kt� (2)
.R Yl� T§rfO�� T��dl�

�kt� (3)

fn(x) =





4n2x, 0 ≤ x ≤ 1
2n ,

4n− 4n2x, 1
2n < x ≤ 1

n ,
0 ��Ð ry�.

�y�� n ∈ N d�w§ x > 0 ©±  ± ,x ∈ R �k� limn→∞ fn(x) = 0  � ^�®�
.x > 1

n

T�whs� Ah�As� �km§ [0, 1] ­rtf�� Yl� (fn)n∈N ��¤d�� T`�Att� �®�Ak� �k�
T§rfO�� T��d��) T§Ahn�� ��Ak� Amny� ,

∫ 1
0 fn(x) dx = 1 ∀n d�n� (�kK�� r\��)

.d��w�� ©¤As§ ¯ (f(x) ≡ 0

limn→∞ fn(x) = |x | = f(x) ��Ab�� �km§ fn(x) = | x |1+ 1
n , x ∈ [−1, 1]�kt� (4)

�AqtJ²� Tl�A� ��¤ Ahl�¤ ,T`�Attm��  ¤d� �AqtK�  µ� xCdn� .x ∈ [−1, 1] �k�
,f ′n(x) =

(
n+1
n

) | x | 1n sgn(x) An§d�  wk§¤ d��w�� ��rb�� |x | Ah� �w�rm�� ­wq��  ±
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(f ′n)n∈N ��¤d�� T`�Att� �wlF xCdn�

lim
n→∞

f ′n(x) =





1 x > 0,
−1 x < 0,
0 x = 0.

.T�r`� ry� f ′(0)  � ��C ­ w�w� limn→∞ f ′n(0)  � ^�®�

T��dl� AyWq� 
CAqt� Ah�� �R�w�� �� ,fn(x) = (sin n2x)/n T`�Attm�� @��� (5)
 � d�n� f ′n(x) = 2n cos n2x �AqtKm�� xCdn� .x ∈ R �k� f(x) ≡ 0 T§rfO��

.x ©± ­ w�w� ry� limn→∞ f ′n(x)

Tq�As�� Tl��±� Yl� �A\�®� ­d� An§d�

:�A\�®� - 3-2

�k� ,TlOt� ��¤ ¨¡ ��¤d�� T`�Att�  ¤d�  � ^�®� �¤±� �A�m�� ¨� (�)
.TlOt� T�� 
sy� T§Ahn��

�k� ,��Aktl� Tl�A� ��¤d�� T`�Att�  ¤d�  � ^�®� ��A��� �A�m�� ¨� (
)

lim
n→∞

∫ 1

0
fn(x) dx 6=

∫ 1

0

(
lim
n→∞

fn(x)
)

dx.

,�AqtJ®� Tl�A� ��¤ ¨¡ ��¤d�� T`�Att�  ¤d� �^�®����r�� �A�m�� ¨� (�)
.�AqtJ®� Tl�A� T�� 
sy� T§Ahn�� �k�

T��d� 
CAqt� �AqtJ®� Tl�Aq�� ��¤d�� �� T`�Att� An§d� H�A��� �A�m�� ¨� ( )
.Ty�CAq� 
sy� �AqtKm�� T`�Att� �k� ,�AqtJ®� Tl�A�

TyFAF±� �Aylm`��¤ Q�w��� Yl� ^�A�§ ¯ ¨Wqn�� 
CAqt��  � d�� ¢l� ��Ð ��
�\tnm�� 
CAqt�� w¡¤ 
CAqt�� �� ­w� r��� �w� zyymt� T�A��� rh\� �@� ,��¤d�� Yl�

.¨�At�� �Of�� ¨� ¢FCdnF ©@��
¨l§ Amy� T�y�O�� T�A�³� rt�� .Tl·F� 4.2

 � ¨n`§ A Yl� f T��d�� Y�� (fn)n∈N T`�Attml� Xysb�� 
CAqt�� (1)
limx→a fn(x) = f(a)∀a ∈ A ( ) limn→∞ fn(x) = f(x)∀x ∈ A( )
limx→∞ fn(x) = f(n)∀n ∈ N( ) limx→0 f(x) = fn(0)∀n ∈ N ( )

 �� ∀x ∈ A : limn→∞ fn(x) ∈ R 
�A� �Ð� (2)
Ty�CAq� 
sy� (fn)n∈N ( ) R Yl� T�r`� (fn)n∈N ( )
A Yl� AyWq� 
CAqt� (fn)n∈N( ) R \A Yl� AyWq� d�Abt� (fn)n∈N( )

AyWq� 
CAqt� T`�Attm�� 
�A�¤ �AqtJ®� Tl�A� (fn)n∈N ��¤d�� T`�Att�  ¤d� �� 
�A� �Ð� (3)
 �� [a, b] Yl� f T��d�� Y��

]a, b[ Yl� �AqtJ®� Tl�A� ry� f( ) ]a, b[ Yl� �AqtJ®� Tl�A� f( )
[a, b] Yl� TlOt� T�� f ( ) �bF Am� ©� �q�� ¯ d� f ( )
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 �� f T��dl� A Yl� AyWq� Ty�CAq� (fn)n∈N ­ ¤d�m�� ��¤d�� T`�Att� 
�A� �Ð� (4)
TlOt� T�� f ( ) ��Aktl� Tl�A� f( )
­ ¤d�� ry� T�� f( ) ­ ¤d�� T�� f ( )

.�§CAm� 5.2

:Ty�µ� ��¤d�� �A`�Att� �� �k� ¨Wqn�� 
CAqt�� xC � (1)
(�) fn(x) = |x |1/n, (
) fn(x) = enx,
(�) fn(x) = ln x

n , ( ) fn(x) = ln((1 + 1
n)x),

(þ¡) fn(x) = sin x
n , (¤) fn(x) = n sin x

n ,
(E) fn(x) =

1
nx + 1

, (�) fn(x) =
x

nx + 1
,

(ª) fn(x) =
x

nx2 + 1
, (©) fn(x) =

1− nx2

(nx2 + 1)2
,

(�) fn(x) =
x2n

x2n + 1
, (�) fn(x) = (1 +

x

n
)n,

(�) fn(x) = x2n , ( ) fn(x) =
1

1
n + x

,

�ky�¤ ,f T��dl� A Yl� AyWq� A�CAq� 
CAqt� ��¤d�� �� T`�Att� (fn)n∈N �kt� (2)

∃M > 0 : | fn(x) | ≤ M, ∀x ∈ A,∀n ∈ N.

.A Yl� ­ ¤d�� T�� f  � �¡r�

A�dn� fn(rk) = 1 T�®`�A� (fn)n∈N ��¤d�� T`�Att� �r`� ,Q ∩ [0, 1] = {rk|k ∈ N} �kt� (3)
�� ,[0, 1] Yl�  Am§C �whfm� ��Aktl� Tl�A� fn  � �¡r� ,��Ð ry� fn(x) = 0 k = 0, 1, · · · , n

.[0, 1] Yl� ��Aktl� Tl�A� ry� f T��d� AyWq� 
CAqt� (fn)n∈N  � �¡r�

�\tnm�� 
CAqt�� 3


CAqt�� T�rF ¨� �ryb� A�¤Af� �An¡  wk§ ¯� ¨n`§ ��¤d�� �� T`�Attm� �\tnm�� 
CAqt��
Ah��� a Aht§Ah� �� (an)n∈N T`�Att� d`� �d`� �r`nF ��Ð �hf� ,Tflt�m�� x �y� dn�

T��d��
n(ε) = min{n ∈ N | | am − a | < ε, ∀m > n }.

:Tl��� - 1-3

,
∣∣ 1

n − 0
∣∣ < ε ⇐⇒ n > 1

ε  � ^�®� .rfO�� �� an = 1
n T`�Attm�� d`� �d`� d�wnF (1)

.n(ε) = [1ε ] + 1  � d�� ¨�At�A�

 � ^�®� .rfO�� �� an = an T`�Attm�� d`� �d`� d�wnF ,a ∈]0, 1[ �kt� (2)

| an − 0 | < ε ⇐⇒ n >
lnε

ln a
.

�� a 
rtq� A�dn�  ¤d� ®� rbk� n(ε)  � �R�w�� �� . n(ε) =

[
lnε

ln a

]
+ 1  wk§ ¨�At�A�

.d��w��
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:0 < ε < 1 @��� .a ∈]0, 1[ �y� an = a1/n T`�Attm�� d`� �d`� xCdn� (3)

1− a1/n < ε ⇐⇒ a1/n > 1− ε ⇐⇒ 1

n
<

ln(1− ε)

ln a
.

�� a 
rtq� A�dn� T§Ah�¯Aml� �¤¥§ C�dqm�� �@¡  � ^�®�¤ ,n(ε) =
[

ln a
ln(1−ε)

]
+ 1 ¨�At�A�

.rfO��

 � �R�w�� �� ,rfO�� �� an = (sin n2x)/n T`�Attm�� d`� �d`� xCd� ,a ∈ R �kt� (4)
.a Tmy� Yl� dmt`� ¯ ¨¡¤ n(ε) ≤ [1/ε] + 1 ¨�At�A�¤ | an | ≤ 1/n

,A·yW� 
CAqt��  A� Aml� Aht§Ah� �� T`�Att� d`� �d`�  �E Aml� ¢�� «r�  � �Ah�� ��
.T§Ahn�� �� 
rtq� ¨� T`�Attm�� �� r���  ¤d�� An�t�� Aml� ©�

¨�At�A� 	tk�  � �km§¤ ,x �k� 
CAqtl� �d`� An§d�  wk§ Ty�CAq� ��¤ T`�Att� ©±
�An¡  wk§  � ¨¡ �\tnm�� 
CAqt�� ¨� ­rkf��¤ ,�¯d`m�� �l� �� ryb`tl� n(ε, x)
f(x) T§Ahn�� T�� �� Tb§r� fn(x) ��¤d�� �ym�  wk�  � ©� �¯d`m�� �lt� ©wl� d�

.x Yl� dmt`� ¯ n � Tny`� Tmy� d`� T�wlWm�� T�Cd�A�

�A\t�A� 
CAqt� (fn)n∈N ��¤d�� T`�Att�  � �Aq§ :�\tnm�� 
CAqt�� �§r`� - 2-3

 wk§ �y�� n0 ∈ N d�w§ ε > 0 ©±  A� �Ð� A T�wm�m�� Yl� f T��dl�
d� d�w§ ¢�� �@¡ ¨n`§¤ .n > n0 =⇒ | fn(x)− f(x) | < ε :x ∈ A �k�

CAqt�� �� ryb`tl� fn ⇒ f 	tk�¤ .n(ε, x) �¯d`m�� �ym�� n0 ©wl�

.�\tnm��
,¨�At�� �kK�� �®� �� �§r`t�� �@¡ �h� AS§� �km§

 wk� �y�� N 3 n0 d�w§ 0 < ε ©± ¢�� ¨n`§ �\tnm�� 
CAqt��  � �Rw§ ©@��¤
.f(x)− ε Yn�n�¤ f(x) + ε Yn�n� �y� T`��¤ fn(x) ��¤d�� �ym� �Ayn�n�
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Ty�At�� ­rOt�m�� ­CwO�� ��d�tFA� �\tnm�� 
CAqt�� �� rb`nF

∀ε > 0 ∃n0 ∈ N : ∀n ∈ N(n > n0 =⇒ sup
x∈A

| fn(x)− f(x) | < ε.

¤�
lim
n→∞

sup
x∈A

| fn(x)− f(x) | = 0.

:Tl��� - 3-3

Y�� x ∈ [0, 1] �k� AyWq� 
CAqt� fn(x) = xn 
 T�r`m�� (fn)n∈N ��¤d�� T`�Att�  � �l`� (1)

 ± Am\tn� A�CAq� 
CAqt� ¯ Ahnk� ,f(x) =

{
0, 0 ≤ x < 1
1, x = 1

T��d��

sup
x∈[0,1]

| fn(x)− f(x) | = sup
x∈[0,1[

xn = 1, ∀n ∈ N.


CAqt�� xCdn� ,f(x) ≡ 0 T§rfO�� T��d�� ¨¡ TyWqn�� Aht§Ah�¤ fn(x) = (sin n2x)/n �kt� (2)
	s�nF �\tnm��

sup
x∈R

| fn(x)− f(x) | = 1

n
sup
x∈R

∣∣ sin(n2x)
∣∣ =

1

n
,

.T§rfO�� T��dl� �A\t�A� 
CAqt� T`�Attm�� £@¡  � ©� ,rfOl� �¤¥§ w¡¤

.f(x) ≡ 0 �kt�¤ ,fn(x) = n2xn(1− x) ��¤d�� T`�Att� xCdn� (3)
�y� T�®`�� �� d�� x ∈]0, 1[ ©±¤ ,fn(x) = 0 = f(x)  wk� x = 1 ¤� x = 0 A�dn�

 � Ty`y�rt�� T��d��¤ TyF±� T��d��

lim
n→∞

fn(x) = lim
n→∞

(1− x)
n2

e−n ln x
= 0  ± − ln x > 0.

fn(x) T��d��  � ^�®� �\tnm�� 
CAqt�� TF�Cd� .f T��dl� AyWq� 
CAqt� (fn)n∈N T`�Attm��  � ©�
TWqn�� £@¡ dn�¤ xn = n

n+1 dn� Ym\� Tmy� Ah�

fn(xn) = sup
x∈[0,1]

fn(x) =
n2

n + 1

(
n

n + 1

)n

,

.Am\tn� Hy� (fn)n∈N T`�Attm�� 
CAq�  � ©� ,T§Ah�¯Aml� �¤¥§ C�dq� w¡¤

T�r`�  ¤d� ©� ¨Jw� ªrJ ��d�tFA� �\tnm�� 
CAqt�� �� ryb`t�� AS§� �km§
.f(x) T§Ahn��
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��¤d�� �� T`�Att� (fn)n∈N �kt� :(�\tnm�� 
CAqtl� ¨Jw� ªrJ) T§r\� - 4-3

�Ð� f T��d� �A\t�A� 
CAqt� (fn)n∈N T`�Attm�� .A ⊆ R T�wm�� Yl� T�r`�
:�\tnm�� 
CAqtl� ¨Jw� ªrJ �q�� �Ð� Xq�¤

∀ε > 0 ∃n0 ∈ N : ∀n,m ∈ N(n,m > n0 =⇒ sup
x∈A

| fn(x)− fm(x) | < ε.

�� ,ε > 0 @���¤ .f(x) T��dl� �A\t�A� 
CAqt� (fn)n∈N T`�Attm��  � |rf� (⇐=) - A¡r�
,supx∈A | fn(x)− f(x) | < ε/2 wk§n > n0 �k� �y��n0 ∈ N d�w§ ¢�� �l`� �\tnm�� 
CAqt�� �§r`�

n,m > n0 ©±  wk§ ¨�At�A�

sup
x∈A

| fn(x)− fm(x) | = sup
x∈A

| fn(x)− f(x) + f(x)− fm(x) |
≤ sup

x∈A
| fn(x)− f(x) |+ sup

x∈A
| f(x)− fm(x) |

< ε/2 + ε/2 = ε.

,�A\t�A� 
CAqt� (fn)n∈N T`�Attm��  � �Ab�� d§r�¤ �\tnm�� 
CAqtl� ¨Jw� ªrJ �q�� |rf� (=⇒)
T`�Attm��  � ^�®�¤ x ∈ A 
b�n� .fn(x) T`�Attml� T§Ahn� f(x) T��  A�§³ ¯¤� �At�� ��Ð �Ab�³
dmt`� T§Ahn�� �l� ,Tyqyq� T§Ah� Ah�  �� ¨�At�A� ,Tyqyq���  �d�±� �� TyJw� T`�Att� (fn(x))n∈N

.f(x) Ahyms� �@� A¡Antb� ¨t�� x Tmy� Yl�
ε > 0 �ky� .�bF Am� T�r`m�� f(x) T��dl� �A\t�A� 
CAqt� (fn)n∈N ��¤d�� T`�Att�  �  µ� �¡rbnF

: ¨Jw� ªrJ �q�� n0 ∈ N d�w�¤ YW`�

n,m > n0 =⇒ sup
x∈A

| fn(x)− fm(x) | < ε

�q�� �y�� T§Afk�� ¢y� Am� ­ryb� mx CAt�� x �k�

.(limm→∞ fm(x) = f(x)  ± �km� �@¡  � ^�¯) | f(x)− fmx
(x) | < ε (�)

.mx > n0 (
)

An§d� x ∈ A �k�¤ n > n0 �k� ¢�� d��

| fn(x)− f(x) | ≤ | fn(x)− fmx
(x) |+ | fmx

(x)− f(x) | < 2ε.

.x Yl� dmt`� ¯ n0  ± �\tnm�� 
CAqt�� �§r`� �q�t§ ¨�At�A�¤
�\tnm�� 
CAqtl� T§rb��� Q�w��� P�l� Ty�At�� T§r\n��
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: �� A Yl� gn ⇒ g ,fn ⇒ f �kt� :T§r\� - 5-3

.A Yl� fn + gn ⇒ f + g (1)
.A Yl� fn . gn ⇒ f . g  ��  A� ¤d��  At�� f, g 
�A� �Ð� (2)

,
�A� α �y� A Yl� | g(x) | > α > 0 
�A�¤ ­ ¤d�� T�� f 
�A� �Ð� (3)

.A Yl� fn

gn
⇒ f

g
 ��

.A Yl� max(fn, gn) ⇒ max(f, g) (4)
.A Yl� | fn | ⇒ | f | (5)

.¹CAql� �§CAmt� (5) ¤ (3) �rt�¤ (4)¤ (2) ,(1) �¡rbnF - A¡r�

�y�� n1, n2 ∈ N d�w§ �\tnm�� 
CAqt�� �§r`� �� ,YW`� ε > 0 �ky� :(1)  A¡r�

n > n1 =⇒< ε/2, n > n2 =⇒ sup
x∈A

| gn(x)− g(x) | < ε/2.

d�n� ,n0 = max(n1, n2) @���

n > n0 =⇒ sup
x∈A

| (fn(x) + gn(x))− (f(x) + g(x) | ≤
≤ sup

x∈A
| fn(x)− f(x) |+ sup

x∈A
| gn(x)− g(x) | (�l�m�� Tn§Abt� ��)

< ε/2 + ε/2 = ε (n0 ≥ n1, n0 ≥ n2  ±).

�ky�¤ , A� ¤d��  At�� f, g  � |rf� :(2)  A¡r�

M1,M2 > 0 : sup
x∈A

| f(x) | < M1, sup
x∈A

| g(x) | < M2.

n ∈ N �k�  � (?�ÐAm�) |rf�  � �km§

sup
x∈A

| fn(x) | < M1, sup
x∈A

| gn(x) | < M2.

n1, n2 ∈ N d�w§ ¢�� �l`� A Yl� gn ⇒ g ,fn ⇒ f 
CAq� |r� �� ,YW`� ε > 0 �ky�
�y��

n > n1 =⇒ sup
x∈A

| fn(x)− f(x) | < ε/M2, n > n2 =⇒ sup
x∈A

| gn(x)− g(x) | < ε/M1
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:n > n0 ©± ¢�� d�n� n0 = max(n1, n2) CAt��

sup
x∈A

| fn(x)gn(x)− f(x)g(x) |
= sup

x∈A
| fn(x)gn(x)− f(x)gn(x) + f(x)gn(x)− f(x)g(x) |

≤ sup
x∈A

| fn(x)gn(x)− f(x)gn(x) |+ sup
x∈A

| f(x)gn(x)− f(x)g(x) |
= sup

x∈A
| fn(x)− f(x) | . sup

x∈A
| gn(x) |

+ sup
x∈A

| gn(x)− g(x) | . sup
x∈A

| f(x) |

<
ε

M2
.M2 +

ε

M1
.M1 = 2ε.

ε > 0 �ky� .hn(x) = max(fn(x), gn(x)) ,h(x) = max(f(x), g(x)) �kt� :(4)  A¡r�
 � 
b�nF .(2) ,(1) ¨� �bF Am� n0 rt�n�¤ YW`�

n > n0 =⇒ sup
x∈A

|hn(x)− h(x) | < ε.

x ∈ A1 ©± .A2 = A \ A1 ,A1 = {x ∈ A|f(x) ≥ g(x)} :�y¶z� Y�� A �sqnF
T�A��� £@¡ ¨�¤ hn(x) = fn(x) A�� :hn(x) �  ¯Amt�� An§d�  wk§¤ ,h(x) = f(x)  wk�

 wk§
|hn(x)− h(x) | = | fn(x)− f(x) | < ε/2

 wk§ T�A��� £@¡ ¨�¤ hn(x) = gn(x) > fn(x) ¤�

f(x)− ε/2 < fn(x) < hn(x) = gn(x) < g(x) + ε/2 ≤ f(x) + ε/2

 � Antb�� d�  wk� ��@�¤ .|hn(x)− h(x) | = | gn(x)− f(x) | < ε/2  � AS§� �tny�

sup
x∈A1

|hn(x)− h(x) | ≤ ε/2 < ε.

.x ∈ A2 A�dn� Th�AK� Tn§Abt� �Ab�� ��m�A� �km§

.T§C¤rR (3) ¤ (2) ¨� rfO�� �� d`b��¤ T§ ¤d�m�� ª¤rJ  � �yy�µ� �y�A�m�� ¨� �ybnF :Tl��� - 6-3

 � �R�w�� �� .A = R ,f(x) = g(x) = x ,fn(x) = gn(x) = x + 1
n �kt� (1)

sup
x∈R

| fn(x)− f(x) | = 1

n

.fn ⇒ f  � �St§ ¨�At�A�¤
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	s�� (fngn)n∈N T`�Attml� �\tnm�� 
CAqt�� TF�Cd� «r�� Ty�A� ��

sup
x∈R

| fn(x)gn(x)− f(x)g(x) |

= sup
x∈R

∣∣∣∣ x2 − 2

n
x +

1

n2 − x2
∣∣∣∣

= sup
x∈R

∣∣∣∣
2

n
x− 1

n2

∣∣∣∣ = +∞.

.R Yl� f(x) = x T��d�� T§ ¤d�� �d`� ��Ð ��r§¤ ,fngn 6⇒ fg  � �Rw§ A� w¡¤

�� «r�� ­r� .x ∈]0, 1] g(x) = x ,gn(x) = x + 1
n ,fn(x) = f(x) = 1 �kt� (2)


As��A� A¡�rn� 1/g ¤ 1/gn �y� T�®`�� A�� ,gn ⇒ g  � �Ab�� �hs��

sup
x∈]0,1]

∣∣∣∣
1

gn(x)
− 1

g(x)

∣∣∣∣ = sup
x∈]0,1]

∣∣∣∣
1

x + 1
n

− 1

x

∣∣∣∣ = sup
x∈]0,1]

∣∣∣∣
1

x(nx + 1)

∣∣∣∣ = +∞.

.rfO�� �� ­dy`� 
sy� g(x)  � 	bs�
1

gn
6⇒ 1

g
 �  Ð� 
b�§

¨l§ Amy� T�y�O�� T�A�³� rt�� .Tl·F� 7.3
 � ¨n`§ A Yl� f T��d�� Y�� (fn)n∈N T`�Attml� �\tnm�� 
CAqt�� (1)

limn→∞ supx∈A | fn(x) | = supx∈A | f(x) |( ) limx→∞ supn∈N | fn(x)− f(x) | = 0( )
lim supn→∞ | fn(x)− f(x) | = 0 ( ) limn→∞ supx∈A | fn(x)− f(x) | = 0( )

 �� A Yl� f T��d�� Y�� �A\t�A� 
CAqt� (fn)n∈N ��¤d�� T`�Att� 
�A� �Ð� (2)
fn(x) = f(x), ∀x ∈ A ( ) A Yl� ­ ¤d�� (fn)n∈N ( )
A Yl� f T��dl� AyWq� 
CAqt� (fn)n∈N( ) R \A Yl� �A\t�A� 
CAqt� ¯ (fn)n∈N( )

�A\t�A� 
CAqt� T`�Attm�� 
�A�¤ ­ ¤d�� ��¤ (fn)n∈N ��¤d�� T`�Att�  ¤d� �� 
�A� �Ð� (3)
 �� A Yl� f T��d�� Y��

A Yl� ­ ¤d�� T�� f ( ) A Yl� ­ ¤d�� ry� T�� f( )
A Yl� ­ ¤d�� ry� ��¤ fn − f( ) �bF Am� ©� �q�� ¯ d� f( )

 �� f T��dl� A Yl� AyWq� Ty�CAq� ¤ ­ ¤d�� (fn)n∈N ��¤d�� T`�Att� 
�A� �Ð� (4)
A Yl� f Y�� �A\t�A� 
CAqt� (fn)n∈N ( )

�A\t�A� 
CAqt� ¯ (fn)n∈N ( )
A Yl� T§rfO�� T��dl� AyWq� 
CAqt� (fn − f)n∈N ( )

A Yl� (fn)n∈N ��¤d�� T`�Attm� �\tnm�� 
CAqtl� ¨Jw� ªrJ (5)
limn→∞ supx∈A | fn(x)− fn+1(x) | = 0  � �zlts§ ( )

limn→∞ supx∈A | fn(x)− fn+1(x) | = 0  � ¸�Ak§ ( )
A Yl� ­ ¤d�� (fn − fn+1)n∈N 
�A� �Ð� �q�t§ ( )

A Yl� ­ ¤d�� (fn − fn+1)n∈N  � ¸�Ak§ ( )


�A�¤ ,A Yl� f, g Y�� �A\t�A�  A�CAqt� (fn)n∈N, (gn)n∈N ��¤d�� ¨t`�Att� 
�A� �Ð� (6)
 �� ­ ¤d�� (fn)n∈N T`�Attm��

A Yl� �A\t�A� 
CAqt� (fngn)n∈N ( ) A Yl� ­ ¤d�� (gn)n∈N ( )
A Yl� fg T��dl� AyWq� 
CAqt� (fngn)n∈N( ) A Yl� �A\t�A� 
CAqt� ¯ (fngn)n∈N( )
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.�§CAm� 8.3


CAqt� (fn)n∈N  �� B ⊂ A 
�A�¤ A Yl� �A\t�A� 
CAqt� (fn)n∈N 
�A� �Ð� ¢�� �¡r� (1)
.B Yl� �A\t�A�


CAqt� Ah��� A,B �� �� Yl� �A\t�A� 
CAqt� (fn)n∈N ��¤d�� T`�Att� 
�A� �Ð� ¢�� �¡r� (2)
.A ∪B Yl� �A\t�A�

Yl� �A\t�A� 
CAqt� ¯¤ B Yl� �A\t�A� 
CAqt� (fn)n∈N ��¤d�� T`�Att� 
�A� �Ð� ¢�� �¡r� (3)
.A Yl� �A\t�A� 
CAqt�  � �km§ ¯ Ah��� A \B

 �� A Yl� f ­ ¤d�� T��d� �A\t�A� 
CAqt� (fn)n∈N 
�A� �Ð� ¢�� �¡r� (4)

∃M > 0,∃n0 ∈ N : sup
n>n0

sup
x∈A

| fn(x) | ≤ M.

�Ð� ¢�� �¡r� .n ∈ N �k� supx∈A | fn(x) | ≤ M �y�� M > 0 �ky�¤ ,A Yl� fn ⇒ f �kt� (5)
 �� hn(x) = g(fn(x)), h(x) = g(f(x)) 
�A�¤ A Yl� Am\tn� ¯AO�� TlOt� T�� g 
�A�

.A Yl� hn ⇒ h

((1).5.2.1) �§rm� ¨� ��¤d�� �A`�Att� �� �k� �\tnm�� 
CAqt�� xC � (6)

Ty�µ� ��¤d�� �A`�Att� �� �k� �\tnm�� 
CAqt�� xC � (7)

,fn(x) =
1
nx

(�)

,fn(x) =
1

n! xn
(
)

,fn(x) = xn +
1

2n xn
(�)

fn(x) = n(n + 1)xn ( )
,fn(x) = 2n sin( x

3n ) (£)

fn(x) =
1
n

sinnx (¤)

,fn(x) =
∑n

k=0

1
2k

cos(2k + 1)x (E)

.f(x) =
1

1 + x
, x ∈ [

1
2
, 1] �y� ,fn(x) =

­rm-n︷ ︸︸ ︷
(f ◦ f · · · ◦ f) (�)

. x ∈ [−1
2 , 1

2 ] ,f(x) = x2 − 2 �y� ,fn(x) =

­rm-n︷ ︸︸ ︷
(f ◦ f · · · ◦ f) (ª)

fn(x) =

{
sin2(x

π ) x ∈ [1/(n + 1), 1/n]
0, ��Ð ry� (©)

Tql�m�� ­rtf�� Yl� f TlOtm�� T��d�� Y�� AyWq� 
CAqt� ��¤d�� �� T`�Att� (fn)n∈N �kt� (8)
.[a, b] Yl� fn ⇒ f  �� [a, b] Yl� T§d§�z� T�� fn �� 
�A� �Ð� ¢�� �¡r� ,[a, b]
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